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Propagation of Quasiplane Acoustic Waves
along an Impedance Boundary

G. L. McAninch*
NASA Langley Research Center, Hampton, Virginia

and
M. K. Myerst

George Washington University, Joint Institute for Advancement of Flight Sciences, Hampton, Virginia

The parabolic approximation for the acoustic equations of motion is applied to the study of the sound field
generated by a time harmonic plane wave at grazing incidence to a finite impedance boundary. The resulting
equations possess a solution that may be expressed in terms of the complementary error function. Asymptotic
expansion of this solution for field points near the boundary provides results compatible with those for a point
source on the boundary for both the soft boundary (finite impedance) and hard boundary (the limit in which the
impedance becomes infinite) cases. The presence of a surface wave in the solution is also established.

Introduction

A THOROUGH understanding of the propagation of
acoustic disturbances in the near vicinity of an ab-

sorbing plane is of fundamental importance for many practi-
cal applications of acoustic theory. The most elementary
example is provided by the consideration of the reflection of
plane waves from a locally reacting plane of impedance (. For
all incidence angles except grazing, the solution of this prob-
lem is well known.1 Equally well known is the failure of the
analysis to provide any insight into the behavior of the
acoustic field for grazing incidence.2^4 It was recognized quite
early that, at grazing, "a different mathematical analysis is
required in order to describe the curvature of the otherwise
plane wave front introduced by its propagation over an
absorbing sample."5 Interestingly, even though this suggests
that wave front curvature is introduced by the impedance
plane, all analyses that have attempted to determine the
acoustic field at or near grazing incidence have been of point
sources.6"9 Here, wave front curvature is introduced by the
source as well as by the boundary.

Of course, plane waves are a mathematical abstraction and
cannot be produced physically. Every real source is, after all,
three-dimensional. Thus, the many theoretical analyses6"9 that
have been devoted to explaining the essential features of the
acoustic field of a point source near an impedance plane may
be considered as constituting a sufficient body of knowledge
for any practical application. Nevertheless, there is something
intrinsically unsatisfactory in being unable to explain what
should be the most elementary case—the grazing incidence
plane wave—when one has a full explanation of the most
complete case—the field from a point source—especially
when the solution of the plane wave problem should be easier
to obtain. Furthermore, there is no reason to suspect that any
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of the physical phenomena apparent in the fully three-dimen-
sional field from a point source, with the obvious exception of
geometric spreading, should be absent from a properly gener-
alized plane wave analysis.

It is the primary purpose of this paper to derive an analyt-
ical solution that elucidates the essential features associated
with the propagation of an initially plane wave at grazing
incidence to a surface of finite impedance. It is shown that,
with the exception of those characteristics dependent solely on
the geometry, all essential properties normally attributed to
the field of a point source near a finite impedance plane may
be imputed to the field of an initially plane wave at grazing
incidence. Noticeably absent is the paradoxical cancellation of
the incident disturbance by the reflected field that is tradition-
ally associated with this problem.

Analytical Solution
Problem Formulation

It is difficult to believe that the essential physical phenom-
ena associated with acoustic disturbances propagating in the
near vicinity of an absorbing plane are intrinsically related to
the curvature of the incident wave front. Clearly, if the form
of the solution is properly generalized, the effects of an
absorbing boundary on an initially plane wave at grazing
incidence must be amenable to analysis. Two interrelated
features of the usual proposed form of the solution for plane
waves at grazing incidence may be considered as leading to its
failure. The first is the fact that the traditional analysis does
not allow variation of the total field in the direction normal to
the absorbing boundary. However, a component of the acous-
tic velocity vector normal to the surface is required in order to
satisfy the impedance boundary condition. These two condi-
tions are incompatible unless the total acoustic pressure is
zero at the boundary and, hence, throughout the field. Thus,
it is to be expected that the proper generalization of the
analysis for grazing incidence will allow the acoustic field to
vary in the direction normal to the absorbing plane. Note, in
particular, that this generalization places no restrictions on
the incident waveform. For the purposes of the current analy-
sis, the incident wave will be assumed to be a time harmonic
plane wave.

The second feature of the customary solution that leads to
its ultimate failure at grazing incidence is the fact that the
proposed solution form allows no variation of the total field
in the propagation direction other than that resulting from
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translation of a fixed waveform at sonic velocity along the
boundary. Thus, no measure of distance from the "source" is
introduced. It is clear that the waveform cannot remain
unchanged with propagation distance if the boundary is to
have any effect on the field. Thus, the proper generalization of
the analysis for grazing incidence must also allow for varia-
tion of the field with propagation distance.

In the analysis to follow, both of these shortcomings of the
traditional plane wave solution form are avoided by consider-
ing quasiplane waves. These may be defined as waves that, to
leading order, may be expressed in terms of plane wave fronts.
However, both amplitude and phase are allowed to vary along
these fronts in a manner reminiscent of the behavior of the
evanescent waves that arise in certain transmission-diifraction
problems. In the approximate theory to be developed, these
variations are assumed to be slow in the sense that they occur
over distances which are large compared to a wavelength.

For the purposes of the current discussion, consideration
will be limited to two-dimensional time harmonic distur-
bances, of angular frequency co, propagating in an ideal gas
translating at uniform velocity cMx. Here, c is the sound
speed, x a unit vector directed along the positive x axis, and
M the mean flow Mach number. The medium occupies the
half-space above an absorbing plane boundary, of specific
acoustic impedance f, which lies on y = 0. The field is to be
determined in x > 0, y > 0. A common factor e~i(0t is sup-
pressed in all functions describing field quantities. It is as-
sumed that the acoustic pressure at x = 0 is given by

= 1 y >0 (1)

and that a radiation condition is to be satisfied for x -> + oo.
Consideration of the form of a pure plane wave propagating
in the x direction suggests that it is reasonable to seek a
solution for p(x9y) in the form

p — A(x,y) Qxp[ikxl(\ + M)] (2)
with k — co/c. Then, upon substituting Eq. (2) into the well-
known convected wave equation, it follows that A(x,y) must
satisfy10

2ikAx - M2)AXX = 0 (3)

The impedance condition p = pc£( 1 + M) V, where V is the y
component of the acoustic velocity and p the ambient density,
is imposed along y = 0. Use of the y component of the
linearized momentum equation

then leads to the boundary condition on A(x,y) in the form

in which the symbol

has been introduced. In addition, Eq. (1) requires that

(4)

(5)

(6)

The analysis of the problem will be carried out by applica-
tion of the parabolic approximation. This approximation is
obtained from the above equations by neglecting the last term
in both the differential equation (3) and the impedance
boundary condition [Eq. (4)]. This provides the equations

2ikA,

Ay(x,Q) + it

Ayy=V

= 0 > 0)

(7)

(8)

The parabolic approximation will not be justified in detail
here. It is widely used in underwater acoustics studies11 and
has been developed for atmospheric propagation.12 Further,
the final results of the current study suggest that it is fully
justified in the present application. In general, the approxima-
tion given by Eqs. (7) and (8) is based on the assumption that
variations in A(x,y) along x occur over distances that are large
compared to a wavelength. The approximation is commonly
applied to simplify numerical analysis. In the following, how-
ever, an analytical solution of the current problem will be
obtained.

Solution Procedure
The problem posed, consisting of Eq. (7) and auxiliary

conditions of Eqs. (6) and (8), is an initial boundary value
problem for the parabolic equation (7) in which x is the
time-like variable. The boundary condition [Eq. (8)] is of the
third kind. Since the coefficients of Eqs. (7) and (8) are
constant, any derivative of a solution also satisfies the equa-
tions. Thus, the function

= A-\+(\likp)Ay (9)

must satisfy Eq. (7) if A does. By means of this change of
dependent variable, Eqs. (6-8) can be transformed to the
more tractable problem,

2ikBr + Bvv = 0 (*j»0)

0»0)

B(xfl)=-l

(10)

(11)
(12)

which, except for the complex coefficient, is the same as the
Rayleigh problem for the suddenly accelerated flat plate in a
viscous fluid13 or, with T(x9y) = B + 1, the problem for heat
transfer to a semi-infinite wall.14 These problems possess
similarity solutions in terms of the error function

erf(>7)=—— | e-
Jn ,

(13)

with r\ = ri(x9y). The current problem, then, may be expected
to possess a similarity solution also. The complex coefficient
2ik suggests that this solution will be expressible in terms of
the Fresnel integrals

C(rj) = exp(/7t/2/2) dt =
Jo

In fact, if B(x,y) is sought in the form

(14)

(15)

(16)

then straightforward algebraic manipulation shows that Eq.
(10) is equivalent to

where t] is the single independent variable

or

F" - mr,F' = 0

— [F exp(-<V/2)]=0

(17)

(18)

Two elementary integrations and application of the auxiliary
conditions [Eqs. (11) and (12)] then yield

(19)
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The solution A(x,y) is now determined by integration of Eq.
(9), which may be considered as a first-order ordinary differ-
ential equation for A as a function of rj with x as a parameter.
It may be written as

(20)

in which the parameter £ has been introduced for convenience
as

(21)

Equation (20) is equivalent to

— [A exp(/7i^)] = iit{ exp(/7^)( 1 - i)C(r,) (22)

Now the right side of Eq. (22) is

(1 - i)C(r,) A exp(nr^) = (1 - i) j- [<?(/,) exp(ra^)]

-(1-0

in which the fact that, from Eq. (14),

dC
drj

(23)

(24)

has been used. Employing Eq. (24) again shows that the right
side of Eq. (23) is

~ 0 ~ exp - (25)

Therefore, the solution A follows directly by an integration of
Eq. (22) as

A=(l- i exp( -ncfr -

(26)

where the function G(£) is arbitrary insofar as Eq. (20) is
concerned. However, as x->0, rj -> oo and C(rf) ^ (l + /)/2.
Thus, in order for A to satisfy the boundary condition [Eq.
(6)], Eq. (26) implies that

A(Q,y) = 1 = 1- exp( -ifiky) + G(0) exp( -ifiky) (27)

or that

G(0) = 1 (28)

In fact, however, G(£) is not arbitrary, because A must satisfy
Eq. (7) and all of the auxiliary conditions on A have been
applied. Thus, substitution of Eq. (26) into Eq. (7) should
determine G. Carrying out the substitution shows that G must
satisfy

G'({) + intG = 0

which, with Eq. (28), yields

(29)

(30)

Finally, then, Eq. (26), which is the complete analytical
solution to the problem posed in Eqs. (6-8), becomes

For purposes of later discussion, it is convenient to write the
result of Eq. (31) in an alternate form using the identity15

e(z) - I W (1 -0* = (32)

Thus,

1 - (1 - i)C(n) = I - erf [( -Hc/2)ifl = erfc[( -in/2)] (33)

so that A may be expressed as

A ,A = 1 -
inr,2\f ( inr,2\ V ( m\* 1-^ J| exp(-—— J erfc^-J „ J

(34)

Finally, if the definition15

w(z) = exp( -z2) erfc( -iz) (35)

is introduced, A assumes perhaps its simplest form,

(36)

It is noted that the argument in the last term of Eq. (36) is

e ,<37)

- exp( -raft - / - i)C(rj (31)

which is similar to the so-called numerical distance used in
many analyses of sound propagation near an absorbing
boundary.16-17

Discussion
In the representation expressed by Eq. (36), the first term

represents the incident wave. It is convenient to call the
quantity (A — 1) the radiated wave. Since the variable rj is
independent of the boundary properties, the effect of the
boundary impedance f is contained completely in the final
term. As will be shown later, this term also contains the
surface wave. Note that, at y = 0, the first two terms of Eq.
(36) cancel and

(38)

which gives the magnitude of the acoustic pressure along the
boundary.

Insight into the behavior of the solution may also be
obtained by considering the impedance plane as if it were a
shadow boundary similar to that which occurs when a plane
wave is incident on a knife-edge.17-18 The second term of Eq.
(36) is exactly the analytical description of the acoustic field
on the dark side of the shadow boundary. The interaction of
the incident wave with this shadow boundary field produces
the diffraction bands that are characteristic of the illuminated
region near the shadow boundary.

Thus, the three terms of Eq. (36) represent, respectively, the
incident disturbance, a general diffracted field that cancels the
incident field at the boundary, and a boundary correction
term containing all of the impedance effects. Note, in fact,
that the field produced solely by the first two terms of Eq. (36)
cannot transfer energy from the acoustic field to the
boundary, because the pressure associated with these two
terms is identically zero there. This should be expected,
because neither of these terms depends on the boundary
impedance and no further terms independent of the
impedance are part of the solution. The energy associated
with these two terms must, ultimately, be absorbed by the
impedance plane. This occurs because they produce a nonzero
acoustic particle velocity normal to the boundary. The re-
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quired energy transfer arises from the interaction of this
velocity with the pressure arising from the third term of Eq.
(36). As is easily verified, for fixed j> < oo, A -»0 as * -> oo.

Asymptotic Forms
Asymptotic representations of the solution for the cases of

interest are most easily accomplished by introduction of the
scaled variables

(39)

(40)

with

— i simr) (41)

where a is the phase angle of the boundary impedance. Since
for a realistic boundary the real part of the impedance is
positive, a must satisfy the inequality

-7r/2«7 <n/2 (42)

Employing Eqs. (39) and (40) in Eqs. (16) and (21) shows
that

^=(Xjn^e-ia (43)

fl = Y/(nX^ (44)

Thus, Eq. (36) may be written as

A = l-exp(iY2/2X){w[(i/2X)^Y]-w[(iX/2F(Y/X + e-ia)]}
(45)

a form indicating that the magnitude of the boundary
impedance affects the solution in a manner which is scaled out
of the solution if the variables X and Y are used. On the other
hand, the phase of the impedance affects the solution in a
more fundamental way since it remains as a parameter in Eq.
(45).

Soft-Boundary Case
The soft-boundary case is defined by the inequalities9'16

(46)Y2/X

which restrict the observation point (x,y) to lie in a region
where the impedance boundary has had an effect on the wave.

Under these conditions, a small argument expansion is
required for the second term in Eq. (45); to leading order, it

w[(i/2X)i Y] exp(i Y2/2X) « (2/inXy Y (47)

On the other hand, the argument of the last term in Eq. (45)
is large in the soft-boundary limit. This term then requires use
of the asymptotic expansion of w(z) for large |z|. This is

w(z) =e~z2 erfc( - iz) « 2H[ - lm(z)]e ~z2 + i 1 + —,
2z

where H(s) is the unit step function

= 1

For the current application

(48)

(49)

(50)

and the term 2H[ — lm(z)]e z2 represents the surface wave. It
is present in the field only for Im(z) < 0, or for

sin<r — coscr > Y/X (51)

Now use of Eq. (50) under the restrictions given in the
inequality (46) yields

( \ - Y j X e i f f ) + (9(X-2) (52)

') (53)

1/Z:

1

In addition, for the purpose of comparison of the current
analysis with that of Wenzel,9 the quantity

(54)

is introduced. WenzeFs y will be called y0 here, because in his
work the ambient medium is stationary, with M = 0. Further,
the expressions will be written in terms of the physical vari-
ables x and y to facilitate comparisons.

Finally, introduction of the results of Eqs. (47) and (48)
into Eq. (45) and use of Eqs. (52-54) leads to the soft-
boundary approximation for A in the form

= /jz/_y/j&
\nkxj\y

+ 2exp(-^-;

ik f yV— 0-y>0+^y2xl 2

(55)

Equation (55) is closely comparable to WenzeFs Eq. (28)
for the soft-boundary case. That equation expresses what
Wenzel calls the "radiated" wave, which is the total field less
both the incident wave and the reflected wave for a rigid
boundary. In addition, Wenzel has written his equation with-
out the surface wave term and his solution is for a point
source. If the incident field is subtracted from Eq. (55) and if
the surface wave is ignored, then the "radiated" field of the
current analysis follows from Eq. (55) as

(56)

On the other hand, Wenzel's Eq. (28) is

For a source on the boundary, WenzeFs h is exactly the y of
the current analysis and his r corresponds exactly to x. It
should be noted that the factor exp[/A:x/(l + M)] has been
suppressed in Eq. (56). The variation of the field as described
by the current analysis as a function of y at a fixed x is
essentially identical to that of WenzeFs result.

In the far field where kx > 1, but with y still in accord with
inequality (46), which is ky2jx <^ 1 in physical variables, the
total field less the surface wave term, is given by Eq. (56) as

M) (58)

On the other hand, WenzeFs solution in the same limit gives

- (59)
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which is his Eq. (36). For fixed x or r, these equations show
that the behavior of the field as a function of distance above
the boundary is described by the term

g(y) = l-yy (60)

The magnitude of the pressure, as a function of y, is then
governed by

sincr (61)

Thus, if sincr > 0, the amplitude of the wave decreases with
increasing y until it reaches a minimum value at

ky = |f |(1 + M)2 sincr (62)

[See Eqs. (5) and (54).] For M = 0, this equation is identical
to Eq. (37) of Wenzel's paper. The variation of the phase of
the wave with y is discussed in detail by Wenzel and will not
be considered further here. Clearly, the two analyses lead to
the same conclusions.

Soft-Boundary Surface Wave
Equation (51) defines the surface wave region and may be

written in either of the two forms

Y < (sincr - coscr)^

coscr < sincr — Y/X

In dimensional variables, these inequalities become

where

a = |/x|sincr, = ^ coscr

(63a)

(63b)

(64a)

(64b)

(65)

The inequality (64a) simply states that the surface wave is
restricted to the wedge-shaped region between the boundary
and a line through the origin with slope (a - /?). Clearly, a
surface wave can exist only for

7T/4 < <7 < 7T/2 (66)

since otherwise (a - ft) < 0. (Recall that the range of a is
-Ti J2 < a < Ti/2.) This situation is illustrated in Fig. la. The
inequality (64b) is a statement on the surface wave region in
the (a,/?) plane and is exhibited in Fig. Ib. For a given field
point (x,y), the quantity y/x is fixed and a surface wave can
exist at that point only if the impedance is such that this
second inequality is satisfied. Note, however, that the inequal-
ity is meaningful only in conjunction with the inequalities (46)
under which Eq. (55) was derived. As illustrated in Fig. Ic,
these are often the most restrictive.

A fundamental characteristic of the surface wave is its
exponential decay not only for increasing distance from the
boundary, but also for increasing distance in the propagation
direction. For the current situation, this decay is given by the
factor

Dy = exp( -Ary|/i| coscr)

in the y direction and

Dx — exp( — sincr)

(67)

(68)

in the x direction. Inequality (66) indicates that both coscr and
sincr are positive for all cr for which the surface wave occurs.
As is well known, the surface wave in the soft-boundary case

y Sin(a)-Cos(cr)
X / 4 . k 4 \ 2| c.i

ace wave reaion

Boundary of impedance

a) Surface wave region in (x,y) plane

d=/8-y/x

y/x a
b) Surface wave region in (a,/?) plane

50 _

40

30

20

10

0

<7= -7T/2

Y=X(Sin(CT)-Cos(ff))

10 20 30 40 50
18

c) Region of validity of asymptotic formulas, lower part of shaded
region, compared with surface wave region.

Fig. 1 Summary of results for the soft-boundary surface wave.

is generally a negligible part of the overall field unless a « rc/2,
so that the decay of the wave with propagation distance is
small. However, in this case, the surface wave is restricted to
a region very near the boundary because coscr « 1.
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Hard-Boundary Case
The hard-boundary case is defined by9'16

(69)

The most convenient form for asymptotic analysis is then
given by use of Eqs. (43) and (44) in Eq. (34). This places
A(X9Y) in the form

A = 1 - erfc —¥=
LxA^J

+ exp

x erfc
1/2"

Then, to second order in X* and Y

and

(70)

(71)

. /*x\1/2l
'* U) J

(72)

To this order, then,

(2/A;jc)1

,. N i -., ,
M/2jc\2 / 'KVZ

+ ye"1'* —- exm ——
V*"/

(73)

when the physical variables are used. The term (1 —yy)
represents the surface wave.

Note that this expression for A(x9y) cannot be valid for
large x because of the inequality (69). It is consistent to
invoke the additional constraint

ky2/x

under which

^)«l+y|-(T k ^-;

(74)

(75)

This compares with WenzeFs Eq. (47)

-A ^=- (76)

obtained under constraints equivalent to the inequalities (69)
and (74). Again, the factor exp[fc/(l + M)] is suppressed in
the result given by Eq. (75). The conditions expressed in the
inequalities (69) allow the approximation of Eq. (75) to be
written as

A(x,y)

with

(77)

<78>
so that the x and y components of the phase velocity are then
given by

Phase
speed
decreased

— *7 ——— y^

/

-IT/

/

/

StaCir/4+a)

.x "̂ ^-^^

——————————————————————————————————— h————

tr/2
Phase
spe

'4 inc
5ed
r eased

a) The x component of the phase velocity relative to the rigid-boundary
result as governed by the sign of sin(7t/4 + <r)

Cos(7T/4+cr)

-V2
Amplitude
decreased

Amplitude
increased

b) Amplitude of the wave relative to the rigid-boundary result for fixed
y as governed by the sign of cos(7t/4 + <r)

Amplitude
increased

Sin(cr)

Amplitude
decreased

c) Amplitude of the wave relative to the rigid-boundary result for fixed
jc as governed by the sign of sin(<r)

Fig. 2 Summary of results for the hard boundary surface wave.
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M)\y\(2nkx)i
k + |y|(l + M) sin(7r/4 + a)

V =y |y|coso-

(79)

(80)

respectively. Since cos<7 > 0, this last equation implies a phase
velocity directed toward the boundary.

The x component of the phase velocity has the following
properties that are governed by the algebraic sign of the factor
sin(7r/4 + cr); see Fig. 2a. For — n/2<a<—n/4, it is
decreased relative to the rigid-boundary case, while for
— n/4<a < Ti/2, it is increased. The magnitude of A9 as given
by Eq. (77), is

+ y simr]} (81)

Thus, the amplitude of the wave, for fixed y, is decreased for
— n/2<G < 7T/4, but increased for n/4 < G < n/2 relative to
the rigid-boundary case; see Fig. 2b. For fixed x, the wave is
amplified for increasing y if — rc/2 < 0- < 0 and it decays with
y for 0 < (7 < 7T/2; see Fig. 2c. These results are in complete
agreement with those presented by Wenzel.

Illustrative Examples
The contribution of each of the terms of Eq. (45) to the

total field will now be illustrated by consideration of specific
examples. A degree of generality is maintained, however, by
use of the scaled variables defined in Eqs. (39) and (40). The
second term of the solution is independent of the boundary
properties; the magnitude of this term, for three X locations,
as a function of Y is shown in Fig. 3a. Note that this term is
unity at Y = 0 and that it decays smoothly with increasing Y,
approaching zero quite rapidly for all cases shown. The phase
of this term is not shown here; however, a plot of its imagi-
nary part vs its real part produces a curve reminiscent of

300 _ *=1

200

100

X=10 X=100

j
1 2 0 1 2 0 1

Pressure magnitude

a) Impedance independent part of radiated wave

Cornu's spiral. The interaction of this term with the incident
wave is illustrated in Fig. 3b, which shows the magnitude of
the first two terms of Eq. (45) for the same field points as used
in the previous figure. The resulting diffraction bands are
evident on the figure.

The effects of the phase angle of the impedance are illus-
trated in Fig. 4. The magnitudes of the sum of the last two
terms of Eq. (45) for a = n/2, n/4, and 0 are displayed in
Figs. 4a, 4b, and 4c, respectively. Negative phase angles lead
to results essentially the same as those in Fig. 4c. Again, these
terms generally decay smoothly to zero with increasing Y.
Note, however, the contribution of the surface wave, which is
clearly shown in Fig. 4a at X = 100 and 7^0. The smooth
behavior of the magnitude of these two terms may be mislead-
ing because the phase of these terms varies quite rapidly. The
total field, which is the result of interaction between the
radiated and incident fields, exhibits the characteristic diffrac-
tion pattern shown in Fig. 5. In accordance with Eq. (62), a
clear pressure minimum at a point above the boundary is
evident for positive values of a and no such minimum occurs
for a < 0.

300 X=1

200

100

X=10 X=100

300

200f

100

0

X=1

2 0 1 2 0 1
Pressure magnitude

a) a =n/2

X=10 X=100

_J
2 0 1 2

Pressure magnitude

b) ff =71/4

300 _ X=1

200

100

X=10 X=100

0 1 2 0 1 2 0 1 2
Pressure magnitude

b) Incident wave plus impedance independent part of radiated wave

300

200f

100

X=10 X=100

2 0 1 2 0
Pressure magnitude

c) < r = 0

Fig. 3 Magnitude of the components of the total field relative to the
magnitude of the incident wave.

Fig. 4 Magnitude of the radiated wave relative to the magnitude of the
incident wave.
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300 _ X=1

200
r
100

0

X=10 X=100

1 2 0 1 2 0
Pressure magnitude

hard- and soft-boundary limits reproduces results obtained by
Wenzel for a point source near an absorbing boundary, with
the exception of effects that are solely a result of the different
geometries considered. This implies that curvature of the wave
fronts of the incident field may not be as important a factor
as has previously been assumed when considering propagation
at grazing incidence. Finally, the relative simplicity of the
current analysis, when compared to that for the fully three-di-
mensional case,9'16 suggests that the problem considered here
may serve as a useful example for understanding of the effects
of a finite impedance surface on disturbances at grazing
incidence.
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c ) < r = 0

Fig. 5 Magnitude of the total field relative to the magnitude of the
incident wave.

Conclusions
In this paper, an analytical solution has been obtained for

the parabolic approximation describing the acoustic field of a
plane wave at grazing incidence to a finite impedance
boundary. Asymptotic expansion of this solution for both
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